Abstract. In 2007, Zhi-Wei Sun defined a covering number to be a positive integer L such that there exists a covering system of the integers where the moduli are distinct divisors of L greater than 1. A covering number L is called primitive if no proper divisor of L is a covering number. Sun constructed an infinite set L of primitive covering numbers, and he conjectured that every primitive covering number must satisfy a certain condition. In this paper, for a given L ∈ L, we derive a formula that gives the exact number of coverings that have L as the least common multiple of the set M of moduli, under certain restrictions on M . Additionally, we disprove Sun's conjecture by constructing an infinite set of primitive covering numbers that do not satisfy his primitive covering number condition.
Introduction
We begin with the definition of a concept due to Erdős [1] . Definition 1. Let x i and m i denote integers, where x i ≥ 0 and m i ≥ 2. A (finite) covering system C, or simply a covering, of the integers is a finite collection of congruences z ≡ x i (mod m i ), such that every integer satisfies at least one of these congruences.
Throughout this paper we assume that all moduli in any covering are distinct. We write a covering as C = {(x i , m i )} i∈I , where z ≡ x i (mod m i ) is a congruence in the covering, and I is some finite indexing set. For I = {1, 2, . . . , t}, we let M denote the set of moduli {m 1 , m 2 , . . . , m t } used in C, and we write lcm(M ) for lcm(m 1 , m 2 , . . . , m t ). We also let Γ M denote the set of all coverings having M as the set of moduli. The main focus in this article is on coverings and sets of moduli with the following special property.
Definition 2.
A covering C is called minimal if no proper subset of C is a covering. Let M be a set of positive integers for which Γ M = ∅. We say that M is minimal if all C ∈ Γ M are minimal.
The definition of a minimal set of moduli in Definition 2 is not superfluous since there exist sets of moduli M for which some elements of Γ M are minimal and some are not. The following example illustrates this phenomenon. It is straightforward to verify that B and C are coverings so that B, C ∈ Γ M . A bit more effort shows that B is minimal. However, note that the elements (0, 40) and (0, 120) can be removed from C and the remaining set C is a covering; in fact, C is minimal. The covering B is due to Erdős [1] , while the covering C is due to Krukenberg [2] . We thank Mark Kozek for pointing these out to us.
There are many situations when M is minimal. For example, (1, 4) , (1, 6) , (11, 12)} is a covering , but it is easy to see that it is impossible to construct a covering using any proper subset of M = {2, 3, 4, 6, 12}. This example can be generalized to the situation when M is the set of all divisors d > 1 of 2 p−1 p, where p > 2 is prime [3] . In 2007, Zhi-Wei Sun [3] In [3] , Sun proved the following theorem, which we state without proof.
. . , p r be distinct primes, and let α 1 , α 2 , . . . , α r be positive integers. Suppose that
where δ r,s is Kronecker's delta, and the empty product 0<t<1 (α t + 1) is defined to be 1. Then p
r is a covering number. The following theorem, which we state without proof, is also due to Sun [3] , and gives sufficient conditions for a positive integer to be a primitive covering number. Theorem 2. Let r > 1 and let 2 = p 1 < p 2 < · · · < p r be primes. Suppose further that p t+1 ≡ 1 (mod p t − 1) for all 0 < t < r − 1, and p r ≥ (p r−1 − 2)(p r−1 − 3). Then
is a primitive covering number, where ⌊x⌋ denotes the greatest integer less than or equal to x.
Theorem 2 produces an infinite set L of primitive covering numbers, and every element of L satisfies (1.1). In this article, we derive a formula that gives the exact number of covering systems for each L ∈ L, when the associated set of moduli M is minimal. This represents the first such counting formula of its kind to appear in the literature. In addition, we construct an infinite set of primitive covering numbers that do not satisfy (1.1), and thereby provide infinitely many counterexamples to a conjecture of Sun [3] .
The Number of Coverings for L ∈ L
Throughout this section, we let L denote the set of all primitive covering numbers that satisfy the conditions of Theorem 2. We also let C be a minimal covering with distinct moduli M , such that
Definition 3. For each pair (s, t) of integers with 1 ≤ s ≤ r and 1 ≤ t ≤ α s , define
and λ s,t := n ∈ N s,t : n is not covered by
Observe that λ r,αr = 0 in (2.2), and that (2.1) implies that
Supposing λ s,αs = 1, we see that |A| = p s+1 . In addition, each n ∈ A is in a unique congruence class modulo p s+1 . Hence, each element of C ps+1 may cover at most one n ∈ A. Since C is minimal, each element of C ps+1 covers at least one n ∈ A, and thus the proof is complete.
The proof of Lemma 2 follows an argument similar to the proof of Lemma 1 and is omitted.
r−1 p r ∈ L, so that the α i satisfy the conditions of Theorem 2. Let M be minimal with lcm(M ) = L, and let from C (whatever * may be), then at least one integer in [1, L] is not covered. In particular, each uncovered integer falls into the congruence class removed. We can then add the congruence ( * , m ′ ) to C, which covers the integers in consideration. This alteration to C provides another covering. Hence, it suffices to prove that C is not a covering when
Observe that On the other hand, we have at best that 
where τ (z) is the number of divisors of z. From (2.5), we see that (2.6) contradicts the fact that C is a covering and completes the proof of the lemma.
Suppose that L ∈ L, so that α r = 1 and the α i satisfy the conditions of Theorem 2. Let M be minimal with lcm(M ) = L. Then
where Q := ( * , m) ∈ C pr : p αr−1 r−1 ∤ m . Proof. As in the proof of Lemma 3, we have that λ s,t = 1 for 1 ≤ t ≤ α i when 1 ≤ s < r − 1, and for 1 ≤ t < α r−1 when s = r − 1. Hence, for such t, there are exactly p i ! ways to choose the residues for the congruences in C p t i assuming that
are already determined, if t > 1 or if t = 1, respectively. Inductively, we have that there are
ways to construct the set (2.9)
When constructing C p uncovered integers in each congruence class modulo p r . Finally, we construct C pr in two steps. First, we consider the congruences which will reside in Q. Each ( * , m) ∈ Q will cover all p r−1 − C p α r−1 r−1 of these uncovered integers in one of the congruence classes modulo p r . Hence, we choose the congruence class modulo p r , and then the congruence that covers the class. There are ways to choose the residues for these congruences. Using (2.8), (2.10), (2.11), and (2.12), we conclude that
and the proof is complete.
Remark 1. For many "small" values of L ∈ L, formula (2.7) reduces to Conjecture 1 is false and the following theorem provides infinitely many counterexamples. We let q n denote the nth prime number.
Theorem 4. For any δ ∈ Z, with δ ≥ 3, there exist infinitely many primitive covering numbers of the form 2 β q k q k+1 , where β ≤ q k − 3. Consequently, each such primitive covering number fails to satisfy (1.1) and provides a counterexample to Conjecture 1.
Proof. Let δ ∈ Z with δ ≥ 3. By the prime number theorem, there exist infinitely many primes q k such that
Rewriting (3.1), we have that
Let q k be a prime that satisfies (3.2), and let L = 2 q k −δ q k q k+1 . Note that L does not satisfy (1.1). We claim that L is a covering number. To establish the claim, we construct a covering using the divisors of L in the following way. We first use the moduli 2, 2 2 , 2 3 , . . . ,
This leaves one hole modulo 2 q k −δ . We introduce the prime q k to split this single hole into q k holes. We can fill q k − δ + 1 of these holes using the moduli
Denote the remaining q k − (q k − δ + 1) = δ − 1 holes as A 1 , A 2 , A 3 , . . . , A δ−1 . Now we introduce the prime q k+1 , and we split each A i into q k+1 holes. For each i, we can use the moduli
to fill q k − δ + 1 of the q k+1 holes. Therefore, at this point, we have a total of (δ − 1) (q k+1 − (q k − δ + 1)) holes left to fill. However, we still have the q k − δ + 1 unused moduli q k q k+1 , 2q k q k+1 , 2 2 q k q k+1 , . . . , 2 q k −δ q k q k+1 .
Hence, by (3.2), we have established that L is a covering number. If L itself is primitive, then L provides a counterexample to Conjecture 1. So suppose that L is not primitive. It is easy to see that the only divisors of L that are candidates for covering numbers are of the form D β = 2 β q k q k+1 , where β < q k − δ. Therefore, some proper divisor D β of L is a primitive covering number. Note that D β also fails to satisfy (1.1), and the proof is complete.
We provide three concrete examples that arise from Theorem 4 with δ = 3. In each example, we give a covering C i using divisors d > 1 of L i . 
